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Abst rac t - - In  this paper, we shall show that under suitable conditions on f and K, the inequalities 
-An + e'~"K(s) ds > O, for all A > 0, (n = 1, 2, 4) (In) 
imply that the integro-differential inequalities 
( -1) '~+1y (")(t) + Y (t - ~, u(8)) as <_ o, on [o, ~), (n = 1, 2, 4) (En) 
have no positive solutions, respectively. Moreover, we shall demonstrate that f cannot be a superlinear 
function. 
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1. INTRODUCTION 
In this paper, we shall consider the nonexistence of positive solutions of the following integro- 
differential inequalities 
( -1)n+ly(")(t)  q- f ( t  - s ,y(s))  ds < O, on [0, oo), (n -- 1,2,4) (E,~) 
assuming that the inequalities 
- IV ~ + e)~SK(s) ds > O, for all A > 0, (n = 1, 2, 4) (I,~) 
hold, where f and K satisfy Hypothesis H. 
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HYPOTHESIS (H). f E O([0, oo) x (0, oo); [0, oo)) such that f(t,  y) y£ 0 on IT X (0, 00) for some 
subinterval IT of [0, T], K e C([0,oc); [0,oo)) is not identically zero on [0,T] and there is a 
positive constant Yo such that f ( t ,y ) /y  > K(t) for (t,y) E [0, oo) x (0,y0), where T > O. 
This problem includes everal interesting problems occurring in various branches of applied 
mathematics such as population dynamics, ecology, mechanical systems with zero external forces 
and/or zero kinetic energy [1]. In fact, recently this problem has been discussed by many authors; 
see [1-10] and the references therein. 
In this paper, we shall offer sufficient conditions which guarantee nonexistence of positive 
solutions of (Ez), (E2), (E4). Our results, in fact generalize all the known results about this 
problem. 
2. MAIN  RESULTS 
To prove our main results, we need the following. 
LEMMA 2.1. (See [8].) Let u be a bounded positive n-times differentiable function on an interval 
[8, oo ) satiMying 
(-1)n~("~(t) > 0, on [e, oo). 
Then, 
(-1)iu(0(t) _> 0, on [0, oo) (i -- 0, 1,2, . . . ,n - 1, n). 
LEMMA 2.2. (See [8].) Suppose that A > 0, limt-.oo y(t) = O, y(t) > O, y'(t) <_ O, y"(t) >_ 0 and 
y"(t) - A2y(t) _> 0 on [0, oo). Then, y'(t) + Ay(t) _< 0 on [~}, oo) C [9, oo) for some ~1 >- 9. 
LEMMA 2.3. (See [11].) Suppose that u = u(t) is a nonconstant solution of 
u"(t) + p(t)u'(t) > O, (respectively, < O) in (a, b), 
where p is bounded on Is, b]. Then, u(t) cannot attain its local maximum (respectively, local 
minimum) at an interior point of (a, b). 
REMARK 2.4. Several analogous of Lemma 2.3 are available in [12-15]. In particular, we note 
that the results of Sheng and Agavwal [12] are likely to be useful for extending our main results 
of this paper to higher order integro-differential inequalities (see the proof of Lemma 2.5). 
LEMMA 2.5. Suppose that A > 0, limt-~oo y(t) = 0, y(t) > 0, y'(t) _< 0, y"(t) :> 0, y(S)(t) _< 0, 
U(4)(t) ~ 0, and y(4)(t)- A4y(t) > 0 on [8,00). Then, y'(t)+ Ay(t) < 0 on [r/,oo) C [9,00) for 
some r/> 9. 
PROOF. From the hypotheses, it is clear that 
~nm y(t) = ~m ¢(t)  = ~m y"(t) = ~m yC3~(t) = 0 
Let 
u(t) = y"(t) - A2y(t), on [9, oo), 
then we have 
u"(t) + ~2u(t) = z{ 4)(t) - ~4~(t) > o, on [9, oo). 
First, we claim that 
u(t) := y"(t) - ~2u(t) > o, on [o', o¢) c_ [o, oo) 
for some 9* >_ 9. In order to prove this, we need to consider the following three cases. 
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CASE 1. Suppose that  there exists a 0* >_ 0 such that  u(t) is nonpositive, monotonic, and 
is not identically zero on [0*,oo). Since limt-.ooy(t) = limt-.o¢ y"(t) = limt_.ooy(3)(t) = O, 
limt-.oo u(t) = limt-.oo u~(t) = 0, and u~(t) > 0 on [0", 00). I t  follows from u"(t) + A2u(t) > 0 and 
u~(t) > 0 that  u"(t)u'(t) + A2u(t)u'(t) > O, which implies 
0 _< + - + 
0 - + < 0,  as  t 00 ,  
which is a contradiction. 
CASE 2. Suppose that  there exists a 0* > 0 such that  u(t) is nonpositive, is not identically zero 
and u'(t) is oscil latory on [0", oo). It follows from u"(t) > u"(t) + A2u(t) > 0 and Lemma 2.3, 
that  u(t) cannot attain its local max imum on (0", oo). This contradicts the fact that  u~(t) is 
oscil latory on [0", c¢). 
CASE 3. Suppose that  there exists a 0* > 0 such that  u(t) is oscil latory and is not identi- 
cally zero on [0", oo). Since limt--.oo y(t) = limt--.c¢ y"(t) = limt--.oo y(3)(t) = 0, limt-.oou(t) = 
limt-.oo u'(t) = 0. Thus, we have 
A 2 u(s) ds > u'(t), for t > 0". 
Let a > O* be a zero of u(t), and define 
Z := {v e C2 ([a, oo); (-oo, oc) ) : v(t) > u(t), for t > a > O* } . 
I t  is clear that  u(t) satisfies 
2 u(~) de ds > u(t), for t > a > 0% 
A da  ,]8 
Now, we define A : Z , Z as follows 
A(v)(t) := A 2 v(~) d(ds, for t > a > 0". 
Thus, from the definitions of A and Z, we see that  the sequence 
vo(t) :=u(t)andvn+x(t) :=A(vn)(t) ,  for n = 0, 1 ,2 , . . .  andt>a>O* 
is increasing. Therefore, there exists a function v(t) such that  
v(t) := l iE Vn(t) > vo(t) -- u(t), for t > a. 
t ---~ O0 
Moreover, by Lebesgue's dominated convergence theorem, we obtain 
£F v(t) = A 2 v(~) d~ ds, for t > a, 
i.e., v(t) is a solution of 
v"(t) + A2v(t) = 0, for t _> a. 
However, since 
v(t) = cl sin(At) + c2 cos(At) (for some suitable constants Cl and c2) 
is a periodic function, v(t) cannot converge to zero as t approaches infinity. Hence, v(t) > u(t) 
implies that  u(t) cannot converge to zero as t approaches to infinity, which is a contradiction. 
From Cases 1-3, we see that  
u(t) := y"(t) - A2y(t) _> 0, on [0", oo) C_ [0, oo). 
Therefore, by Lemma 2.2, we get the desired result, i.e., y'(t) + Ay(t) < 0 on [~, oo) C_ [0", oo) C_ 
[8, oo) for some *7 > 8* > 8. 
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THEOREM 2.6. Suppose that (I1) holds, then there is no solution of (El) which is positive on 
[o, co). 
PROOF. Assume to the contrary that there exists a solution y(t) of (El) which is positive on 
[0, co). Then, it follows from Hypothesis H that there exists a small positive constant ~/E (0, T) 
such that 
i /0 )h := K(s) ds>O and rl K(s) ds<l .  
Since y(t) is decreasing on [0, co) and is bounded below by O, 
lira y(t) := y(co) >_ 0. 
We claim that y(co) = O. In fact, if y(ec) > O, then 
0 < y(co) ~ y(t) ~ y(O), on [0, oo). 
Let 
min f(t, y) := re(t) 
~e[~(oo)m(0)] 
be not identically zero on [0, T]. Then, 
0 >_ y'(t) + f (s, y(t - s)) ds 
> y'(t) + / (8, y(t - s)) ds 
Z > y'(t) + m(s) ds 
= y'(t) + M, for t > O, 
where M := fo T m(s) ds. Thus, we have 
y'(t) <_ -M,  on [0, oo), 
which implies 
lira y(t)= -co. 
t---*oo 
This contradiction proves that y(co) = 0. Hence, there exists a tl :> T such that 0 < y(t) < Yo 
on [tl, co), which implies 
/ (t, y(t)) >_ g(t)y(t), on [tl, co). (1) 
Since y(t) is decreasing on [0, co), it follows that 
0 >_ y'(t) + f(s,  YCt - s)) ds 
> y'(t) + K(s)  y(t - s) ds 
(2) 
> y'(t) + y(t - n) K(s) ds 
= y ' ( t )  + ~ly(t - ~) 
>_ y'(t) + ~ly(t), for t _> T1 := T + tl > 0. 
Integro-Differential Inequalities 65 
This implies that the set 
F1 := {A :> 0 : y'(t) + ~y(t) <_ 0 on [T~, oo), for some T~ > T1} 
contains A1 > 0. Moreover, if A E F1, then [0,A] C F1. Now from (2), we have 




( ' )  =,~l~y t -~ , fort_>T1. 
Next, we claim that 
sup Fl _< A := - -  ln hi • 
Assume to the contrary that supF1 > A. Then, A E F1 and there exists a T* > T1 such that 
y'(t) + Ay(t) _< 0, on [T*, c~). 
This implies that 
0- < 
~_ exp ( -h~)  y (t - -~) 
= ,~l~y t -  ~ , for t >_ T*, 
which gives a contradiction. Thus, 0 < A~ := sup F1 < ~ and there exists a T2 >_ T1 such that 
y'(t) + A~y(t) <_ 0, on [T2, 00). 
Furthermore, it follows from (1) that, for any t, s with t E [T2,00) and s E [0, t - T2], 
g(s)y(t) exp (A~s) < g(s)y(t - s) < f (s, y(t - s)). 
This and (El) imply that for all t E [T2, oo), 
0 > y'(t) + f (s, y(t - s)) ds 
+ L t-T2 >_ y'(t) / (s, y(t - s)) ds 
(3) + L t-T2 > y'(t) K(s)y(t - s) ds 
> y'(t) + K(s) exp(A~s) ds y(t), for t E [T2, oo). 
Finally, we claim that 
L t-T~ K(s) exp (A;s) ds <_ A;, for t _> T2. (4) 
Suppose to the contrary that there exists a Ts > T2 such that 
f 
Ta-T2 
A2 := K(s)exp(A;s) ds > A;. 
JO 
This and (3) imply that A2 E F1, which contradicts the definition of A~. This contradiction shows 
that (4) holds. Hence, 
-~  + g(s) exp (~s) as <_ 0. 
But, this contradicts our assumption (Ii). 
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THEOREM 2.7. Suppose that (12) holds, then there is no solution of (F~) which is bounded and 
positive on [0, co). 
PROOF. Assume to the contrary that there exists a solution y(t) of (E2) which is bounded and 
positive on [0, oo). It follows from Lemma 2.1 that this y(t) is decreasing on [0, co), and therefore 
bounded below by 0, and hence 
lim y(t) := y(co) > 0. 
t---~oo 
We claim that y(co) -- 0. In fact, if y(co) > 0, then 
0 < y(oo) < y(t) <_ y(O), on [0, oo). 
Let 
min f ( t ,  y) := re(t) 
v~tv(oo),~(0)] 
be not identically zero on [0, T]. Then, 
I' 0 < y"(t) - f (s, y(t - s)) ds 
T I "  
< y"(t) - ./, f (s, y(t - s)) ds 
< y"(t) - re(s) ds 
= y ' ( t )  - M, for t > O. 
Hence, we have 
y"(t) > M, on [0, oo), 
which implies 
lim y'(t) = co. 
t---*oo 
This contradiction shows that y(oo) = 0, and thus (1) holds. Since y(t) is decreasing on [tl, co), 
0 <_ y ' ( t )  - f (s, y(t - s)) ds 
< y"(t) - K(s)  y(t - s) ds 
/? < y' ( t )  - y(t) K(s)  ds 
= y"(t) - Aly(t), for t > T1 := T + tl > 0. 
This implies that the set 
F2 := {A > 0 : y"(t) - A2y(t) > 0 on [TA, co), for some TA > T1} 
contains (Ax) 1/2 > 0. If A e r2, then [0, A]c F2. Thus, it follows from Lemma 2.2 that F2 C F1, 
which implies 
0 < A~ := supr2 _< A~ < co 
and 
y'(t) + A~y(t) < O, on [T2, col  
Furthermore, we see that for any t, s with t E [T2, co) and s E [0, t - T2] (as in the proof of 
Theorem 2.6), 
K(s)y(t )  exp (A~s) < K(s)y( t  - s) <_ f (s ,  y(t - s)). 
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This and (E2) imply that for all t E [T2, co), 
/: 0 <_ y"(t) - f (s, y(t - s)) ds 
t -T2  





_< y"(t) - K(s)y(t - s) ds 
JO 
<_ y"(t) - K(s) exp (A~s) ds y(t), for t • [T2, co). 
Finally, we claim that 
f t -T2  g(s)  exp (A~s) ds <_ (A~) 2 , for t > _ T2 .  (6) 
. t0  
Suppose to the contrary that there exists a T3 > T2 such that 
f0T3 -T2 ()~3) 2 := K(s) exp ()~s) ds > (~)2. 
This and (5) imply that Az • F2, which contradicts the definition of A t. This contradiction shows 
that (6) holds. Hence, 
_ (A~)2 + K(s) exp ()~s) ds > O. 
But, this contradicts our assumption (I2). 
THEOREM 2.8. Suppose that (Ia) holds, then there is no solution of (E4) which is bounded and 
positive on [0, co). 
PROOF. As in Theorems 2.6 and 2.7, we note that the set 
Fa := {)~ >_ 0: y(a)(t) - A4y(t) >_ 0 on [Tx, oo), for some Tx ~ T1} 
contains ()h) 1/4 > 0. If A • F4, then [0,A] C F4. Thus, it follows from Lemma 2.5 that F4 C F1, 
which implies 
0 </~ := sup F4 < )~ < co 
and 
y'(t) + ~y( t )  <_ 0, on [T2, co). 
Furthermore, we see that for any t ,s with t • [Tz,co) and s • [0,t - T2] (as in the proof of 
Theorem 2.6), 
K(s)y(t) exp (A~s) < K(s)y(t - s) < f (s, y(t - s)). 
This and (E4) imply that for all t • [T2, co), 
0 < y(4)(t) - f (s,y(t - s)) ds 
f 
t-T2 
< y(4)(t) f (s, y(t - s)) ds 
- -  - -  J0  (7) f t -Ta  
< y(4) ( t )  - -  K(s)y(t - s)ds  
.tO 
<-Y(4) ( t ) - ( ; t -T 'K (s )exp(A*4s)ds )  y(t)' Jo for t • [T2, co). 
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Finally, we claim that 
i t-T2 g(s)  exp (A~s) ds <_ (,~)4, for t _> T2. (8) 
Suppose to the contrary that there exists a T3 > T2 such that 
f 
T3-T~ 
(As) 4 := K(s) exp (A~s) ds > (A~) 4. 
J 0  
This and (7) imply that A5 E F4, which contradicts the definition of A]. This contradiction shows 
that (8) holds. Hence, 
/? - (A~) 4 + K(s) exp (A~s) ds > O. 
But, this contradicts our assumption (I4). 
COROLLARY 2.9. Let a E [0, 1] and n = 1 (respectively, n = 2, 4), and 
(H*) K E C ( [0, c~ ); [0, oc )) is not identically zero on [0, T] and the following inequality holds: 
/? -An + e'~'K(s) ds > O, /'or all A > O. (I~) 
Then, the integro-differential nequality 
(-1)n+iy + g( t  - s ) f ( s )  as <_ o, on [T, 
( /o ) or: ( -1)n+ly (n) (t) + K(t  - s) exp(y(s)) ds < O, on IT, oo) 
has no solution which is positive (respectively, bounded and positive) on [0, oo). 
3. REMARKS AND EXAMPLES 
Recently, Ladas, Philos and Sficas [7], and Philos and Sficas [8], proved the following nonexis- 
tence theorems. 
THEOREM 3A. (See [7].) Assume that 
(H1) K E C([0, oo); [0, oo)) and there is T > 0 such that K is not identically zero on [0, T], 
(H2) f E C(R; R) satisfies yf(y) > 0/'or y ~ O, and 
:= inf f(,y) > O. 
y>0 y 
Then 
y'(t) + K(t  - s) f  (y(s)) ds < O, on IT, oo) (9) 
has no positive solution on [0, oo) ff the/'ollowing inequality holds: 
-A  + 0 eaSK(s) ds > O, /'or o21 A > O. (10) 
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THEOREM 3B. (See [8].) Assume that (1tl) and (12) hold. Then, the integro-differential inequal- 
i ty 
y"(t)  - K ( t  - s)y(s) ds >_ O, on IT, c~) (11) 
has no bounded and positive solution on [0, co). 
REMARK 3C. Obviously, Theorem 3A is only a minor modification of the inequality (11) with 
K( t ) f (y )  = K( t )y ,  and it cannot be applied to f ( t ,y )  := g( t )y  ~ for a E [0, 1) or a E (1, c~). 
But, our main results guarantee (El) ,  (E2), (E4) have no positive solutions if f ( t ,  y) is sublinear 
or mixed-l inear, and hence our results generalize Theorems 3A and 3B. 
EXAMPLE 3D. Following is an example which shows that  (E~) has a positive solution on [0, (x~) 
if f ( t ,  y) is superlinear, i.e., the hypothesis " f ( t ,  y) /y  >_ K( t )  for (t, y) E [0, oo) x (0, Y0)" in 
Theorems 2.6-2.8 is indispensable. For instance, for f (y )  := y3, y > 0 and K(s )  := e -s ,  s :> 0 
it is clear that  the condition (H) is not satisfied, and 
-A + eXaK(s) ds > O, for all A > O. 
Let y(t) := e - t  for all t _> 0. A simple calculation shows that  
f0 t e -3t ) [0, 1 _t y'(t) + K( t -  s)f(y(s))ds = -~(e  + < O, on 
Thus, (E~) has a positive solution on [0, co). 
REMARK 3E. There are functions f satisfying (H), but do not satisfy the hypothesis "inf,>0 
f (y ) /y  > 0 > 0" in Theorem 3A. For example, f (y )  := ln(y + 1), f (y )  := ya + cy[3, f (y )  := 
1 -exp( -y ) ,  o r . f  (y) := exp(y)+cy  ~ for y > 0, a E [0,1] and c ,~ E [0,c~). Therefore, 
Theorems 2.6 and 2.7 generalize Theorems 3A and 3B, respectively. 
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